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1. INTRODUCTION 
In [s] we proved: 
THEOREM 1. Let G = (V,E) be a planar bipartite graph embedded in the plane. 
Let I 1 and r 2 be two of its faces. Then there exist pairwise edge-disjoint 
cuts ~cx 1 ), ... ,&ext) so that for each two vertices v,w with v,webd(I 1) 
or v, w € bd ( I 2 ) , the distance in G from v to w is equal to the number of 
cuts 6cx.) separating v and w. 
J 
Here 3cx) denotes the set of edges e with je~xl = 1. Cut ~(X) is said to 
separate v and w if v#w and !{v,w)nx/=1. By bd( •. } we denote the boundary 
of Faces are considered as open regions. 
In this paper we derive from Theorem 1 some new results on graphs embedded 
on the Klein bottle and on plane multicommodity flows, and some known results 
due to Okamura, Okamura and Seymour, and Lins. 
2. GRAPHS ON THE KLEIN BOTTLE 
Let G = (V,E) be a graph embedded on the Klein bottle. We can represent 
the Klein bottle as obtained from the 2-sphere by adding two cross-caps. A 
circuit C in G is called orientation-preserving if after one turn of C the 
meaning of 'left' and 'right' is unchanged. It is called orientation-reversing 
if after one turn of C the meaning of 'left' and 'right' is exchanged. 
Thus a circuit is orientation-preserving if and only if it passes the 
cross-caps an even number of times. It is orientation-reversing if and only 
if it passes the cross-caps an odd number of times. Hence the orientation-
reversing circuits form a "binary clutter" in the sense of Seymour [6]: if 
c1 ,c2 ,c3 are (the edge-sets of) orientation-reversing circuits, then the 
symmetric difference c1 b. c2 AC3 contains an orientation-reversing circuit. 
This implies that the inclusion-wise minimal edge-sets intersecting all 
orientation-reversing circuits are exactly the inclusion-wise minimal sets 
in 
(1) { D(;E { jD.o C j is odd for each orientation-reversing circuit c}. 
In fact, it follows from our results that the hypergraRh of orientation~ 
.. 
reversing circuits, as well as its blocker (1), have the weak MFMC-property 
(Seymour [ 6]} . 
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3. THE MINIMUM LENGTH OF AN ORIENTATION-REVERSING CIRCUIT 
We first derive from Theorem 1: 
THEOREM 2. Let G = (V,E) be a bipartite graph embedded on the Klein bottle. 
Then the minimum length of any orientation-reversing circuit in G is equal 
to the maximum number of pairwise disjoint edge sets each intersecting all 
orientation-reversing circuits. 
PROOF. Clearly, the maximum is not larger than the minimum. To show equality, 
we may assume that each face of G is orientable, i.e., contains no cross-cap. 
Indeed, if a face contains a cross-cap, we can add a path to G over this 
cross-cap, in such a way that the graph remains bipartite and such that the 
minimum-length of an orientation-reversing circuit remains unchanged (by 
taking the path long enough). 
Let c 1 be a minimum-length orientation-reversing circuit in G, say with 
length t 1 . We 'cut open' the Klein bottle S along c 1 . In this way we obtain 
a bordered surface S', with a 1-sphere Cl as border, so that S arises from S' 
by identifying opposite points on cl. So S' is a Mobius strip. Let i:S'--+S 
be the identification map. The graph G' := i-1[G] is a graph on S', where 
C' 1 i-1[c1)· 
As each face of G is orientable, also each face of G' (in S') is orientable. 
Therefore, G' contains an orientation-reversing circuit (in S'). Let c2 be a 
minimum-length orientation-reversing circuit in G', say with length t 2 . We may 
assume that c2 is edge-disjoint from c1 (by adding parallel edges) • Next we 
'cut open' the Mobius strip S' along c2 • We now obtain a cylinder S", with 
boundary two 1-spheres B1 and a2 . The Klein bottle S arises from S" by identi-
fying opposite points on B1 and by identifying opposite points on B2 . Let 
i': S" ~ S be the identification map, and let G" := (i') -l [ G]. So G" is a 
planar graph, embeddable in the plane JR~ so that two of its faces r 1 (= 
unbounded face) and r 2 have the following properties: 
(2) (i) the boundary of I 1 is a circuit o1 of length 2t1 , and the 
boundary of r2 is a circuit o2 of length 2t2 ; 
2 (ii) S arises from JR \(I 1~I 2 ) by identifying pairs of opposite 
points on o1 and by identifying pairs of opposite points on n2 . 
2 ~e may assume that S" = JR \ (I 1vr2). 
Since t 1 is the minimum length of an orientation-reversing circuit in G, 
each pair of opposite vertices on n1 has distance exactly t 1 . Since t 2 is the 
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minimum length of an orientation-reversing circuit in G', each pair of 
opposite vertices on o2 has distance exactly t 2 • 
By Theorem 1, there exist pairwise disjoint cuts ~(X1 ), ••• , 
bcxt) so that for each two vertices v and w of G" with v,webd(I 1) or v,w 
e bd (I 2 ) , the distance in G" from v to w is equal to the number of cuts 
bcxj) separating v and w. We may assume that each d(Xj) separates at least 
one such pair v,w (all other cuts can be deleted). 
Each cut ~(Xj) intersects any subpath P of o1 of length t 1 at most 
once (as P is intersected by t 1 of the b(xj )_, as P is a shortest paths 
between its two end points). So if ~(Xj) intersects o1 , it intersects o1 
exactly twice, in two opposite edges. Similarly, if d(Xj) intersects n2 , it 
intersects o2 exactly twice, in two opposite edges. 
We can classify the 3cx.) into three classes: 
J 
(3) (i) those intersecting both D1 and n2 , say S(x1 > , ... 
' 
~ (X ) ; 
s 
(ii) those intersecting D1 but not D2' say ~(Xs+1) , ••• ' ~ (Xt1) ; 
(iii) those intersecting 02 but not 01, say d (Xt +1) ' ... ,&(xt). 
1 
Note that .t2 = s+(t-t1), and hence s = t 1+t2-t. 
First consider S(x1) , .•• ,~(X ). Each such ~(X.) is the set of edges of G" s J 
intersected by two curves r1 and r2 , where rl connects points p' on D1 and 
p" on o2 , while \ 2 connects points q' on o1 and q" on o2 , in such a way that 
p' and q' are opposite on o1 , and p" and q" are opposite on o2 : 
( 4) p' q' 
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The space i'[S"'-(r1vr2Q is orientable, since it arises from (4) by identifying 
the two curves d (in the orientation given), and similarly the two curves 
which yields a cylinder. Hence i'[f1vf2] intersects all orientation-
reversing closed curves on s, and hence i ' [ b (X. l] is a set of edges in G 
J 
intersecting all orientation-reversing circuits. 
Similarly, each set 
(5) i'rb(X .) U b(Xt +)' L1 S+J 1 J ~ 
~' 
for j=1, ... ,t1-s, intersects all orientation~reversing circuits in G (note 
t 1+ (t 1-sl ~ t 2+t -s=t as t ~ t 2 ). Now S (X . ) is the set of edges intersected 1 1 s+J 
by a curve r1 connecting two opposite points p' and q' on D1 , while b(xt1+jl 
is the set of edges intersected by a curve r2 connecting two opposite points 
p" and q" on o2 : 
( 6) p' q' 
Again the space i I [s"" ( r1vr2l] is orientable, since it arises from (6) by 
identifying the two curves~ and the two curves ~' yielding again a cylinder. 
So i'[r1vr21 intersects all orientation-reversing closed curves in s, and 
hence (5) intersects all orientation-reversing circuits in G. 
Combining, 
are t 1 pairwise edge-disjoint sets of edges of G, each intersecting all 
orientation-reversing circuits. D 
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4. THE MAX~FLOW MIN-CUT PROPERTY 
Theorem 2 implies the following. Let G 
the Klein bottle. Let 
(V,E) be a graph embedded on 
(8) collection of orientation-reversing circuits in G; 
b(t'.:) .- collection of edge-sets intersecting each orientation-
reversing circuit in G. 
Then the hypergraph (E,b (C.)) has the weak MFMC-property, in the sense of 
Seymour [6]. That is, the vertices of the polytope in RE determined by: 
(9) (i) O~x(e)~l 
(ii) b x(e)~l 
ee:D 
(e € E) , 
(D €' b (t) ) I 
are {0,1}-vectors. These vectors are exactly the characteristic vectors of 
subsets of E containing an orientation-reversing circuit. 
This follows from the fact that, for any l:E_,,LZ , the minimum value of 
+ 
(10) L:'.i l(e)x(e) 
eEE 
over (9) is achieved by an integer vector x. To see this, we may assume that 
f.(e) is even for each e eE. Now replace each edge e of G by a path of length 
l<e) (contracting e if l(e)=O). We obtain a bipartite graph G'. Let C' be a 
minimum-length orientation-reversing circuit in G' . By Theorem 2 there exist 
pairwise disjoint sets of edges Di, •.. ,Dt in G' each intersecting all orient-
ation-reversing circuits in G', so that t is equal to the number of edges in 
C'. Let C,D 1 , ..• ,Dt be the 'projections' of C' ,Dl, •.. ,Dt to G. Then 
where (le denotes the characteristic vector of C. Since 0 1 , .•. ,Dt give a dual 
solution to (9) of value t, it follows that "K.C is an optimum solution. 
By Lehman's theorem [1] the weak MFMC-property is maintained under taking 
blocking hypergraphs. So also Chas the weak MFMC-property. That is, the 
vertices of the polytope in JRE determined by: 
( 12) (i) O~x(e)~l 
(ii) 
(e EE), 
(C Gt) I 
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are {o,i}-vectors. These vectors are exactly the characteristic vectors of 
sets in b(e). In the following section we show that a stronger property 
holds. 
5. PACKING ORIENTATION-REVERSING CIRCUITS 
We derive from the previous results: 
THEOREM 3. Let G = (V,E) be an eulerian graph embedded on the Klein bottle. 
Then the maximum number of pairwise edge-disjoint orientation-reversing 
circuits is equal to the minimum number or edges intersecting all orientation-
reversing circuits. 
PROOF. Clearly, the maximum is not more than the minimum. Suppose equality 
does not hold, and let G form a counterexample with 
( 13) l: 2deg (v) 
VEV 
as small as possible (where deg(v) denotes the degree of v). Let D be a set 
of edges intersecting all orientation-reversing circuits in G, of minimum 
size t = I Dj. Since t is equal to the minimu;.,; value of 
(14) I; x(e) 
eeE 
over (12) (as (12) is the convex hull of the characteristic vectors of edge-sets 
intersecting all orientation-reversing circuits), there exist, by linear 
programming duality, orientation-reversing circuits c 1 , •.. ,ck (pairwise different) 
and reals Ai, ... '~k> 0, so that: 
( 15) (i) 
(ii) (e € E) • 
in fact, what we must show ls that each~. can be taken to be 1. 
J_ 
Consider a vertex v of G, and the edges e 1 , .•• ,e2d incident to v, in 
cyclic order: 
( 16) 
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Thus e 1 and ed+l are 'opposite', and similarly e 2 and ed+2 ' e 3 and ed+3, 
... , ed and e 2d. We show that for each circuit Ci and each j=l, •.• ,d: 
( 1 7) c. passes ea . 
1. +J 
Having shown this for each vertex v, each j and each C,, it follows that the 
J. 
c1 , ••• , Ck are pairwise edge-disjoint. Since k ~ t (as .Ai~ 1 for all i) , this 
proves the theorem. 
Suppose (17) does not hold for some v,i,j. Without loss of generality, 
i=l, j=l, and c1 passes e 1 and em for some m with 2<m<d. Now replace (16) 
by: 
(1 7) 
where there are d-2 parallel edges connecting the new vertices v' and v". Let 
G' be the new graph obtained. So G arises from G' by contracting the parallel 
edges connecting v' and v". (If d=2, we identify v' and v".) Graph G' is 
eulerian again, with sum (13) smaller than for G. So by the minimality hypo-
thesis, the theorem to be proved holds for G'. 
Let D' be a minimum-sized set of edges in G' intersecting all orientation-
reversing circuits in G'. Let t' := ID' j. If t' ~t, G' would contain t pairwise 
edge-disjoint orientation-reversing circuits. After identifying v' and v", this 
gives t pairwise edge-disjoint orientation-reversing circuits in G, contra-
dicting our assumption. So t'<t. 
We show t'~t-2. Let D be the set of edges in G' corresponding to D. By 
the minimality of D, D intersects each orientation-reversing circuit in G an 
odd number of times, and each orientation-preserving circuit in G an even 
number of times. Hence also D intersects each orientation-reversing circuit in 
G' an odd number of times, and each orientation-preserving circuit in G' an 
even number of times. By the minimality of D', also D' has odd intersection 
with each orientation-reversing circuit, and even intersection with each orient-
ation-preserving circuit in G'. This implies that the symmetric difference 
DAD' has even intersection with each circuit in G'. So DAD' is a cut in G', 
and hence, as G' is eulerian, \DAD'I is even. That is, lnJ =ID') (mod 2). 
Therefore, as t' < t, we know t' ~ t-2. 
:;11<)\', that ·rr:;; DI - l f no L' 
tr:ie:ti.nq l.lk ,,cfq,.',; [n lf) '"11:.:o ~111 uri.t•nlidJo,,·1<.:Vc:1 i11q '-J1,:1Li.t;,:; in G. How-
1:vcc, ID .. ·ffl .,; In' J< ! nj, c:onrr:,dict 11<1 t11, ~1,i.r1irn.,1 i r,· nf ll 
{ 1 lJl'i 
t.:; D". 'I'hen D" inh'r::;c:ct:; all •J/ 1 c:nr.1t ion·--n'V<:•rsing circuits 
in C cly,:uit. j !l 
or conw.:s frnn1 an orient<:ttion-rc•vc::r::;inq circui L in 
c; i !·1t1::r:c:1·::c·t:'. { c:., 1 , •.. , 
c;• not intersecting 'ff) 
So -~ " tS-tT . . ... D" =t. lh:ncc•(( attains the: minimum ot (1!1) ,·,vc:r ( 12) . So by complement·-
1 k · . I r " n c I -1 'I'h i · c . · · t ,. 1 i ·· t t. 11, . f; l, . t :-::; dC '.11t·."'::h'r ; ~l ~ .. ,. -~,} .uu _ .. -v ... t.. .. . ::-.i t tieit 1:l,,. <El'i 11 1\C' !ll . . . l . 
vJh i '.·h i L f.:H't 1.o; ThcoYem 
one of tlh· faces Clf r;. 'T'hL; tran::;forrn~; tho pr:oj:;ctive pla.ne to a Klein 
bott .h.:. A:; tlll: nJ<:aninq of 'orientation-reversin•J' L;; not chanqF,d by this 
ins' rrion (fuc th~' circ:uits in G), it n·:dUC<"S Lins' trk:orem tci 'l'ht•orem 3. 
'l'h<'un.;1t1 3 ccl.nriut J ..... •;J<.t <cnd<~d to compact sucL1c•·•.•; w.i th more than two 
cro:;:c:··car•:;, as v·i<" can c':lilbc:d K, .::in 5uch a. ::a.nfdCt! in o3L!Ch a. wc.y that the 
) 
orientation-rev0rsing circuits are exactly the odd-sized circuits. Then the 
equal to 2, while not less than 4 edges are necessary to intersect all 
orivnt:1tio11 n°versing circuit:;_ 
4. PLMIE MUL'l'IC'OM.MODI'f'~ f'LO\tJEi 
( 1 g) 
Frorn 'I'hc;orem .3 we derive a rH~W result on tht:.• existence of pairwise 
isjciint paths in a planar qraph. Let G " (V,E) be,~ a 9raph, and let 
(parity condition): for each vertex v of G: 
dc<J(v) l- /{t~~l, ... ,k\ I ri"'v~/ -r j{i.:{1, ... ,k}lsi"'v}j i.s even; 
(cut condition): for E'acb X V:",. 
r.' l 
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2 THEOREM 4. Let G = (V,E) be a planar graph embedded in thi:; plane R. Let 
r 1 , ••. ,rk,s1 , ... ,sk be vertices of G satisfying the parity condition. Let 
r 1, ... ,rk be incident to the unbounded face 1 1 in clockwise order. Let 
s 1 , ..• ,sk be incident to some other face r 2 in anti-clockwise order. Then 
there exist pairwise edge-disjoint paths P1 , ... ,Pk where Pi connects ri and 
s. (i=1, .•. ,k), if and only if the cut condition is satisfied. 
l. 
PROOF. Since the cut condition trivially is a necessary condition, we only 
2 
show sufficiency. Let the cut condition be satisfied. We can extend JR '(I1ur 2 ) 
to the Klein bottle, by adding a cylinder between the boundaries of 1 1 and 1 2 . 
We can extend G to a graph G' on the Klein bottle by adding edges e 1 , ... ,ek 
over this cylinder, so that e. connects r. and s. (i=l, .•. ,k). Then a circuit 
l. l. l. 
in G' is orientation-reversing if and only if it contains an odd number of 
edges from e 1 , ... ,ek. So it suffices to show that G' contains k pairwise 
edge-disjoint orientation-reversing circuits. 
By the parity condition, G' is eulerian. So we can apply Theorem 3. 
Hence it suffices to show that each set D of edges of G' intersecting all 
orientation-reversing circuit has size at least k. We may assume that D is 
a minimal set of edges in G' intersecting all orientation-reversing circuits 
in G'. Hence loocl is even for each circuit in G. Therefore, DnE is a cut 
S(x) in G. Now we have for each i=l, ... ,k: 
(20) ~ (X) does not separate r. and s. ~ e. C: D. J_ J_ __,... J_ 
Indeed, if ~(X) does not separate r. and s., then there exists a path Pin 
l. l. 
G connecting r. and s. and containing an even number of edges in D. Now 
J_ l. 
as P v { e .1 is an orientation-reversing circuit, it intersects D an odd number 
l. 
of times, and hence e.G D. 
J_ 
Assertion (20) implies that lol\{e1 , ... ,ek} \ is not less than the number 
of pairs r.,s. not separated by b(X). Hence 
J_ l. 
(21) \nj = ID~EJ + loA{e1 , •.. ,ek11 ~ \6<x>I +number of pairs 
separated by ~ (X) ~ k, 
by the cut condition. 
5. A THEOREM OF OKAMURA 
One can also derive a theorem of Okamura [3]: 
r., s. not 
l. l. 
D 
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2 THEOREM 5. Let G = (V,E) be a planar graph embedded in the plane JR. Let 
1 1 and 1 2 be two of its faces, and let r 1 ~ .•• ,rk,s1 , .•• ,sk be vertices 
sat.isfying the parity condition, so that for each i==1, ••• ,k: r.,s.E:bd(I 1) 
. . l. l. 
or ri,si i::,bd(I2). Then there exist pairw.ise edqe-disjoint paths P 1 , ••• ,Pk 
where P. connects r. and s. (i=l, ... ,k), if and only if the cut condition 
l. l. l. 
is satisf.ied . 
.!_'ROOF. Again, it suffices to show suffieciency. Without loss of generality, 
r 1 is the unbounded face, and r 1 , ... ,rt's1 , •.. ,stt::bd(I 1) and rt+ 1 , ... ,rk, 
st+1 , ... ,sk~ bd(I 2). By an argument due to S. Lins, we 
may assume that r 1 , ... ,rt,s1 , ••. ,st occur in cyclic order around r 1 • To 
see this, first note that we may assume that the vertices r 1 , •.• ,rk,s 1 , .•. , 
sk are distinct and have degree 1 (as we can add a new vertex of degree 1 
to any r. or s. and replace this r. or s. by tht; 1rnw vertex) . Call two 
l. l. l. l. 
pairs r. ,s. and r.,s. on bd(l 1) crossing if i ~ l. l. J J j and r.,r.,s. ,s. occur l. J l. J 
in this cyclic order around the boundary of 11 , clockwise or anti-clock-
wise. Suppose not all pairs of pairs r. ,s. are crossing. Then there exist 
1 l. 
i ,j so that r. ,s. and r.,s. are non-crossing and so that there is no 
l. l. J J 
pair rh,sh on that part of the boundary of r 1 that connects ri and rj and 
that does not pass si and sj. Now we can add in r 1 three new vertices 
w r' and r' and four new edges as follows: ·~ ' i j 
(22) 
r'. 
J 
r. 
l. 
r' i 
r. 
J 
Replacing r. and r. by r~ and r'. does not violate the cut condition. More-
l. J l. J 
over, any pair of edge-disjoint paths 
P! connects r! and s. and P'. connects 
l. l. l. J 
paths P. and P,, where P. connects r. 
l. J l. l. 
P~ ,P~ in the extended graph, where 
l. J 
r! and s., contains edge-disjoint 
J J 
and s. and P. connects r. and s .. 
l. J J J 
Repeating this construction, we end up with r 1 ,.,.,rt,s 1 , .•• ,st occurring 
cyclically around r 1 (possibly after reordering indices and exchanging ri 
and si). Similarly, we can assume that rt+ 1 , ... ,rk,st+l'''''sk occur cyclically 
around 12 . 
2 Now we can extend JR 'c1 1u1 2 ) to the Klein bqittle, by adding cross-caps 
along the boundaries of r 1"-and r 2 • We can extend G to a graph G' on the 
Klein bottle'by adding edges e 1 ,.,.,ek over the cross-caps, so that ei con-
-11-
nects ri and si (i=1, .•• ,k). Then a circuit in G' is orientation-reversing 
if and only if it contains an odd number of edges from e 1 , ••• ,ek. The re-
mainder of the proof is exactly the same to that of Theorem 4. 0 
Okamura's theorem has as special case the theorem of Okamura and 
Seymour [4], where r 1 , •.• ,rk,s1, ... ,sk are all on the boundary of one 
face. 
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